Abstract: A low-complexity one-step digital back-propagation (DBP) scheme is proposed to mitigate intrachannel and interchannel fiber nonlinearities in high-capacity single span transmissions. Compared with conventional coherent receivers, the only additional calculation is a low-complexity nonlinear phase noise compensation stage operated between bulk chromatic dispersion (CD) compensation and adaptive equalizer. The required number of real additions and multiplications per sample are only (6N + 2) and (2N + 6), respectively, where N is the number of compensated wavelength-division-multiplexing (WDM) channels. With the proposed one-step DBP, we demonstrate that the nonlinear noise can be suppressed by >60% in single channel experiments and >40% in seven-channel WDM simulations.
Introduction
With the booming of internet applications such as cloud and big data, the demand for high-capacity data center interconnects (DCI) over a distance of around 80 km is growing rapidly [1] . These DCI links can be realized by either intensity-modulation direct-detection (IM/DD) technology or coherent technology. For IM/DD systems, four level pulse-amplitude-modulation (PAM4) or discrete multi-tone (DMT) fulfills the requirement of DCI applications with a per wavelength rate of 100 Gb/s [2] - [7] . On the other hand, the coherent technology can achieve a much higher spectral efficiency since it fully utilizes the modulation dimensions of optical field. For example, a line rate of 400 Gb/s on a single wavelength has been demonstrated with polarization-division multiplexing (PDM)-64QAM [8] , [9] or PDM-128QAM [10] in short reach transmissions. As the power consumption and cost further reduce over time [11] , [12] , coherent technology is becoming a viable solution for high-capacity short reach DCI applications. In particular, commercial coherent 400 Gb/s transceivers have been announced, targeting DCI and moderate-distance metro applications [13] .
The 64QAM and higher order formats, however, are more sensitive to nonlinear distortions especially in unrepeatered one-span transmissions where signal launch power could reach a high level in order to increase optical signal-to-noise ratio (OSNR). The nonlinear distortions should be mitigated by very low-complexity digital signal processing algorithms in such cost-sensitive short reach DCI applications. An overview of various fiber nonlinearity mitigation methods can be found in [14] , [15] . It is well known that intra-and inter-channel nonlinear distortions can be partially compensated by digital back-propagation (DBP) [16] - [21] . In long-haul transmissions, the complexity of DBP is very high since it normally consists of multiple alternate stages for frequency-domain chromatic dispersion (CD) compensation and time-domain nonlinearity compensation. Some simplified DBP methods with reduced complexity have been proposed for intra-channel nonlinearity compensation, including low-pass filter aided DBP [22] , enhanced split step Fourier method (SSFM) [23] , memory polynomial aided DBP [24] , and so forth. Based on cross phase modulation (XPM) model, a simplified DBP algorithm was proposed for inter-channel nonlinearity compensation of wavelength-division-multiplexing (WDM) signals [25] , and we have proposed a reduced-complexity two-stage DBP for long-haul subcarrier-multiplexing (SCM) transmissions [26] - [28] . However, even with these simplified methods, the complexity still seems too high for real-time implementation of DBP in long-haul transmissions. Besides, compensation of inter-channel nonlinearities is generally impractical in reconfigurable optical add-and-drop multiplexer (ROADM)-enabled meshed networks where the interfering channels might have different routes. For single-span DCI, fiber nonlinearities mainly occur during the transmission of the first tens of kilometers, leading to a potentially significant complexity reduction for DBP. In addition, since these DCI links are point-to-point, inter-channel DBP is theoretically possible.
In this work, we propose a low-complexity one-step DBP scheme to mitigate both intra-and interchannel fiber nonlinearities in single-span high-capacity coherent transmissions. Compared with original coherent receivers, the only additional calculation is a nonlinear phase noise compensation stage operated between the frequency-domain bulk CD compensator and time-domain adaptive equalizer. We propose two modifications to achieve a significant reduction in complexity: 1) a certain amount of residual CD is intentionally kept after bulk CD equalizer and then compensated in the subsequent adaptive equalizer to improve the DBP performance; 2) time-domain rectangular finite impulse response (FIR) filters are used in the nonlinear phase noise compensation stage to replace the original low-pass filters. With these modifications, the required number of real additions and multiplications per sample are respectively only (6N + 2) and (2N + 6), where N is the number of compensated WDM channels. This complexity is even lower than some other DSP functions in the transceiver, suggesting the feasibility for real-time implementation. We demonstrate that, with the proposed one-step DBP, >60% nonlinear noise can be mitigated in 35 Gbaud PDM-64QAM single channel experiments, and >40% nonlinear noise can be mitigated in 7-channel WDM simulations. This paper is organized as follows. In Section 2, we describe the principle of the proposed low-complexity one-step DBP algorithm and analyze its computation complexity. In Section 3, we experimentally demonstrate its benefit effect in intra-channel nonlinear compensation. In Section 4, numerical simulations are conducted to verify the effectiveness in inter-channel nonlinear compensation. Finally, we conclude in Section 5.
Principle

Model of Fiber Nonlinearity
The nonlinear propagation characteristics of optical signals in transmission fibers are described by Manakov equations [21] , [29] , [30] ∂ ∂z
where E (z, t) is the complex envelope of the vector optical field. α denotes attenuation coefficient, β 2 denotes CD coefficient, and γ is nonlinear coefficient. For WDM transmissions, the optical field on a single polarization is expressed as
where k is the channel index,
are the frequency and phase difference with respect to the carrier frequency, respectively. Substituting (2) into (1) leads to coupled mode equations, in which there will be multiple nonlinear triplet terms, accounting for selfphase modulation (SPM), cross-phase modulation (XPM), cross-polarization modulation (XPolM) and four-wave mixing (FWM) [29] . In principle, these fiber nonlinearities can all be compensated by reconstructing and back-propagating optical fields at receiver. However, the compensation of XPolM and FWM requires phase-locked optical carriers for WDM channels [31] , which is not generally feasible. Therefore, we focus on the mitigation of SPM and XPM effects in this work. Fig. 1 illustrates the effects of SPM and XPM, where one probe channel E (0) and two pump channels E (±k) are considered as an example. Each polarization of the probe signal is distorted by intensity-dependent phase shifts from the intra-and inter-polarization components of all channels. The XPM effect is affected by the frequency spacing F. Equation (1) can be solved by a SSFM, in which the fiber link is divided into many small sections, and the dispersion and nonlinearities are computed alternately in frequency-domain and time-domain, respectively.
DBP is based on the same principle of SSFM. However, the large number of sections in conventional DBP results in a prohibitively high complexity. One approach to reduce the complexity is to include the impact of CD into the nonlinearity compensation stage [22] , [25] . In particular, CD causes intra-channel pulse spreading and inter-channel signal walk-offs, leading to long channel memories in nonlinear distortions. Therefore, the nonlinear phase impairments on a current sample can be approximated by
where P (k) is the power of each channel, and L eff is effective fiber length. We have L eff ≈ 20 km for a unrepeatered link with ࣙ80 km standard single mode fibers (SSMF). The row vectors h
yy and h (k) yx represent the tap weights of low-pass FIR filters, and they are denoted as SPM or XPM filters in the following discussions. The column vector U (k)
y represent a sliding block of intensity samples. A detailed explanation and derivation of the XPM filter (expressed in frequency domain) in long-haul transmissions can be found in [32] . With PMD and PDL neglected, h
yx . However, the computation complexity still needs to be reduced since a single stage CD compensation stage already consumes a big portion of chip power consumption [11] , [12] . In single span transmissions, the nonlinearity mainly occurs during the transmission of the first tens of km. Therefore, additional CD compensation stages might not be required, leading to a potentially significant reduction in complexity. 
Proposed One-Step DBP
We propose a low-complexity one step nonlinear phase compensation scheme to reduce fiber nonlinear noise in single span transmissions. Typically, a coherent receiver contains a frequency domain equalizer for bulk CD compensation and an adaptive time domain equalizer for polarization demultiplexing and compensation of inter-symbol interference (ISI). This is a cost-effective structure even for single span coherent transmissions as the CD-induced memory length might already reach tens of symbol, especially when inter-channel DSP is included. As depicted in Fig. 2 , the proposed one-step DBP scheme is operated between the bulk CD compensator and the adaptive equalizer. In this receiver, the received samples first go through front-end (FE) compensation, bulk CD (BCD) compensation, frequency offset (FO) compensation and matched filtering (MF). The last three functions can be realized in the frequency domain. It is desirable to integrate them in order to share the same FFT/IFFT, which contributes to a big portion of the total power-consumption in a coherent application specific integrated circuits (ASIC) chip [11] , [12] , [33] . Subsequently, in the proposed one-step DBP, the waveforms are first converted to real-valued intensity waveforms U (k)
x/y . The intensity waveforms are then filtered by their corresponding FIR filters, summed up and multiplied by scaling factors to obtain the nonlinear phase, as indicated by (3) . Finally, the obtained nonlinear phase is applied to the original waveforms to reduce the nonlinear impairments. After the one-step DBP, the signal is sent to the adaptive equalizer for the subsequent signal processing.
In the implementation of nonlinear phase noise compensation, we propose two modifications to improve performance and reduce complexity. First, we leave a small amount of residual CD after the bulk CD compensation and then compensate it in the subsequent adaptive equalizer. By doing so, the DBP performance can be improved. Note that normally the number of taps of the adaptive equalizer is designed for compensating polarization mode dispersion (PMD) and residual inter-symbol interference (ISI) in long-haul transmissions. Therefore, in one-span transmissions where PMD is much smaller, the equalizer can be used to compensate the residual CD without additional complexity. We will show in the next section that a residual CD corresponding to ∼12.5 km SSMF leads to an optimal performance for a 35Gbaud symbol rate with a roll-off factor of 0.1. Compensating such residual CD requires only ∼5 equalizer taps at two samples per symbol.
Second, we propose to use rectangular filters to replace the original intensity FIR filters. The original SPM/XPM filters (h xx ) of a three-channel case with 50 GHz frequency spacing are shown in Fig. 3 . We obtain the tap weights from multivariate regression processes of (3) using simulation data [34] , [35] , where only nonlinear impairments are included and the nonlinear phase error ϕ is directly measured by comparing the transmitted symbols and received symbols. Least mean square (LMS) algorithm is applied to update the tap weights in the regressions. The obtained original intensity filters are low-pass filters, as shown in Fig. 3 , and the reason is that the CD will induce correlation between waveform samples in the nonlinear process. The correlation is larger for closer symbols due to the effects of both the CD and attenuation. The complexity of these intensity filters is apparently an issue, especially for XPM filters where more taps will be needed as the frequency spacing increases, due to the increased walk-off effect. Therefore, we further propose to use identical tap weights (rectangular filters) for each SPM/XPM filter as illustrated in Fig. 3 , which can reduce the complexity by more than an order of magnitude. In this case, the intensity waveforms can be added first and then multiplied with a common tap weight. The shape of a rectangular filter is characterized by the number of taps, offset of taps (with respect to index = 0), and the common tap weight. The shape of rectangular filter is obtained by sweeping the number and offset of taps, applying the multivariate regression process in each case to get the common tap weight and selecting the combination that has the best performance. It's found that the optimal offset of taps for SPM/XPM filters are zero with 12.5 km residual CD, meaning that the contribution to the nonlinear noise from the first 12.5 km transmission are approximately equal to that from the subsequent 68 km (or more) transmission. It's also shown in Fig. 3 that the tap weights of inter-polarization filters are smaller than those of intra-polarization filters. This is consistent with the theoretical analysis based on the Manakov equation in [32] because the polarization scattering effect will break the symmetry of the two polarizations. Note that the adding of intensity samples can be realized with sliding filter with only two additions for each sample. For example, it requires ∼30 real multiplication and ∼30 real additions to implement h (−1) xx in Fig. 3(a) with the original filter for each sample, while it only requires two real additions and one real multiplications to implement h (−1) xx with a rectangular filter.
Complexity Analysis
The complexity of the one-step DBP scheme is analyzed by calculating the required mathematical operations per sample per polarization. The one-step DBP is assumed to operate at 2 sample per symbol. For a probe channel, we compensate the nonlinear effects from N interfering channels (including the probe channel itself). The first step of DBP is to convert the complex waveforms into real-valued intensity waveforms, which requires one real addition and two real multiplications. Then the intensity waveforms are filtered by 2N rectangular filters, accounting both intra-and interpolarization components. Each FIR filter requires two real additions to add the intensity waveforms and one real multiplications to multiply the scaling factor. Therefore, 4N real additions and 2N real multiplications are required at this step. Note that the nonlinear coefficient, effective fiber length and channel power can be merged into these scaling factors. Then (2N − 1) real additions are required to obtain the total nonlinear phase. The nonlinear phase is multiplied back to the complex waveforms, requiring one complex multiplication, which corresponds to two real additions and four real multiplications. The total required numbers of additions and multiplications are, respectively, (6N + 2) and (2N + 6), as shown in Fig. 4 . The complexity is even lower than some other DSP functions, suggesting the feasibility for real-time implementation. For example, an 8-tap butterfly equalizer requires >64 real multiplications (16 complex multiplications). Note that, other than mathematical operations, the proposed scheme has additional complexities in practical ASIC design such as buffering, wiring and probably inter-chip interconnects. These implementation details are beyond the scope of this paper.
Single Channel Experiments
The experimental setup of a single-channel 35 Gbaud PDM-64QAM coherent system is depicted in Fig. 5 . First, pseudorandom binary data was generated and mapped to 64QAM symbols in MATLAB. After root-raised-cosine pulse shaping with a roll-off factor of 0.1, the samples were loaded to the transmitter module of a Ciena WaveLogic3 transceiver, which incorporated a low-linewidth external cavity laser (ECL), four 39.4 GSa/s digital to analog converters (DAC) and a dual-polarization IQ modulator. The signal launch power was controlled by a booster EDFA followed by an optical attenuator (VOA-1), while another optical attenuator (VOA-2) was adopted at the receiver side to maintain the same received power and same implementation noise (∼20 dB including transceiver noise and amplified spontaneous emission noise). An ECL was adopted as the local oscillator, and after optical-to-electrical (OE) conversion by four balanced photodiodes, the waveform was captured by a four-channel real-time oscilloscope with a sampling rate of 80 GSa/s. The waveform samples were processed offline in MATLAB. The DSP functions included FE compensation, resampling to two samples per symbol, CD compensation, FO compensation, matched filtering, one-step DBP, cross-correlation based synchronization, LMS based equalization, phase-locked loop and symbol decision. For the proposed one-step DBP, a 3-tap rectangular butterfly filter with optimized tap weights was used in the compensation of intra-channel nonlinearities. Fig. 6(a) shows the SNR versus launch power with and without the proposed one-step DBP, and Fig. 6(b) gives the SNR versus residual CD in terms of SSMF length at 7 dBm launch power. The SNR is converted from the counted BER assuming additive white Gaussian noise (AWGN). For example, the SNR corresponding to a BER of 0.02 is 18.4 dB. It's confirmed that the one-step DBP with 12.5 km residual CD has the best performance. For example, at 7 dBm launch power, the SNR is improved from 18.6 dB to 19.0 dB using DBP with full CD compensation, and it can be further increased to 19.5 dB with 12 km residual CD. With full DBP, the SNR can be increased to 19.8 dB, as shown in Fig. 6(a) . The results also show that the 3-tap rectangular FIR filter can achieve nearly the same intra-channel nonlinear noise suppression performance compared with the original filter. To exclude the effect of implementation noise and focus on the nonlinear noise, we define the nonlinear noise suppression ratio (NLNSR) as the ratio of the suppressed nonlinear noise variance with DBP to the total nonlinear noise variance without any DBP, which is given by
The noise variance is calculated from SNR, where the signal power is normalized to 1 mW. The implementation noise is obtained in the back-to-back transmission and it is identical for all the cases. The nonlinear noise variance with or without nonlinear compensation are obtained simply by subtracting the implementation noise variance from the total noise variance. As given in Fig. 6(c) , the one-step DBP with zero residual CD mitigates ∼30% nonlinear noise, and one-step DBP with 12.5 km residual CD could mitigate >60% nonlinear noise. The full DBP can mitigate >88% nonlinear noise. Fig. 6(d) and (e) show the constellations at 7 dBm, in which the nonlinear noise reduction can be easily seen. In the single channel experiments, the one-step DBP has greatly improved the nonlinear tolerance at a very low complexity. In addition, the NLNSR also provides a way to estimate the system gain for a specific amount of transceiver implementation noise. For example, if the implementation noise is ideally zero, and fiber nonlinear noise accounts for ∼1/3 of the total noise at optimal power [36] , [37] , then compensating 60% nonlinear noise directly provides 1 dB SNR margin. It is worth mentioning that as technology advances, the transceiver implementation noise will continue to decrease and the gain from nonlinear compensation will become more important. The influence of rectangular filter parameters on the nonlinear noise suppression ratio is further investigated with 12.5 km residual CD. The shape of a rectangular filter is determined by the common tap weight, number of taps and offset of taps. Fig. 7(a) shows the NLNSR as a function of the tap weight of the 3-tap filter, in which the tap weights are normalized with the tap weight h xx0 (0.43) obtained from simulation, and different tap weight ratios between intra-and inter-polarization, defined by R = h xy /h xx , are also included. The variation of NLNSR with different h xy /h xx values is small for h xx /h xx0 within 0.6 ∼ 1.1, suggesting that the proposed method is tolerant to tap weight deviation in a certain range. Fig. 7(b) and (c) show the tolerance of NLSNR to the number and offset of taps, respectively. It's verified that the 3-tap filter without offset has the best performance for intrachannel nonlinearity compensation. In real applications, the filter parameters can be optimized by simulation and stored in a look up table (LUT) since the link and transceiver conditions for the target applications is usually known or can be well monitored. On the other hand, adaptive DBP techniques can also be applied to blindly learn the optimal filter parameters. For example, a blind adaptive DBP scheme for long haul SCM transmission was demonstrated in [38] , in which the scaling factor and filter bandwidth were optimized using a steepest gradient descent scheme.
WDM Simulations
We then investigate the performance of the proposed DBP in WDM transmissions by simulation. The simulation setup was similar to the experiment setup, except that seven independent channels with 50 GHz spacing were launched here, and the performance of the middle channel was evaluated. The linewidth of each laser was set to 20 kHz. Implementation noise of 20 dB was evenly split and added in each pair of transmitter and receiver. The fiber nonlinear transmission is modeled by Manakov equations and solved using SSFM. Since the nonlinear phase distortion is additive as indicated by (3), the tap weights of seven rectangular SPM/XPM filters are obtained by multiple three-channel simulations with frequency spacing of 50 GHz (h (±1) ), 100 GHz (h (±2) ) and 150 GHz (h (±3) ), respectively. The memory length and tap weights used in the simulations are listed in Table 1 . As discussed in Section 2, the tap weights of inter-polarization filters (h xy and h yx ) are smaller than those of intra-polarization filters (h xx and h yy ) due to the polarization scattering. The memory length generally increases linearly with the frequency spacing for XPM filters. Fig. 8(a) and (b) give the performance as a function of the number of channels with 7 dBm per channel launch power and 12.5 km residual CD. The SNR is also converted from the counted BER assuming AWGN. Since the compensation of inter-channel nonlinearities requires additional complexities, we also plot the results with only intra-channel nonlinearity compensation for comparison. It is shown that ∼25% nonlinear noise can be suppressed with intra-channel nonlinearity compensation only, >40% nonlinear noise can be suppressed with both intra-and inter-channel nonlinearity compensation, and >95% nonlinear noise can be suppressed with full DBP. As the number of WDM channels increases, the compensation efficiency gradually reduces as shown in Fig. 8(b) . This is because this simple one-step DBP model is less accurate for channels with larger spacing. Fig. 8(c) plots the NLNSR as a function of the number of compensated channels in a 7-channel configuration, in which the closer channels are compensated first. As expected, compensating for closer channels results in a larger improvement. For example, compensating the nonlinearities from the first 3 channels (including the probe itself) would achieve ∼36% nonlinear noise reduction at the expense of 20 real additions and 12 real multiplications, while compensating all 7 channels would achieve ∼ 42% nonlinear noise reduction at expense of 44 real additions and 20 real multiplications. The system gain can also be evaluated by NLNSR. Similar with those in the single channel experiments, if the implementation noise is ignored and fiber nonlinear noise accounts for ∼1/3 of the total noise at optimal power, then compensating 25% and 40% nonlinear noise directly provides 0.4 dB and 0.6 dB SNR margin. The benefit of intra-and inter-channel compensation is basically in agreement with that shown in [14] . The one-step DBP scheme will also be useful for unrepeatered transmissions with a span length longer than 80 km, e.g. for submarine applications [39] . The capability of the proposed method is then investigated numerically by extending the above 7-channel 80-km transmissions to 160-km transmissions, in which an EDFA with a noise figure (NF) of 6 dB is further adopted before the receiver to compensate the link loss, and the implementation noise is still 20 dB. The measured SNR as a function of launch power is shown in Fig. 9 . It's shown that the SNR at optimal launch power can be increased by roughly 0.4 dB. The SNR improvement will be more prominent as the implementation noise is expected to reduce over time.
Conclusion
We propose a low-complexity one-step multi-channel DBP scheme to mitigate intra-and interchannel nonlinearities in single-span transmissions. Compared with conventional coherent receivers, the only additional calculation is a nonlinear phase noise compensation stage operated between frequency-domain bulk CD equalizer and time-domain adaptive equalizer. We propose two modifications to achieve a significant reduction in complexity. The first is to leave a certain amount of residual CD intentionally after bulk CD equalizer and compensate it in the subsequent equalizer, which improves the performance without additional complexity. The second is to use rectangular FIR filters in the one-step DBP stage to replace the original low-pass filters, which further reduces the complexity by more than an order of magnitude. The complexity the proposed DBP method is even lower than some other DSP functions in the transceiver, suggesting the feasibility for real-time implementation. We demonstrate that, with the proposed one-step DBP, > 60% nonlinear noise can be mitigated in a 35 Gbaud PDM-64QAM single channel experiment, and >40% nonlinear noise can be mitigated in 7-channel WDM simulations. In a 160 km unrepeatered single span 7-WDM transmission, the SNR gain is shown to be 0.4 dB assuming 20 dB implementation noise. The gain from nonlinear compensation will become more important as the transceiver implementation noise will continue to decrease.
